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Abstract 

In minimal left-right symmetric theories, the requirement of parity invar iance allows only one 
complex phase in the Higgs potential and one in the Yukawa couplings, leading to a two-phase 
theory with both spontaneous and explicit CP violations. We present a systematic way to solve 
the right-handed quark mixing matrix analytically in this model and find that the leading order 
solution has the same hierarchical structure as the left-handed CKM matrix with one more CP- 
violating phase coming from the complex Higgs vev. Armed with this explicit right-handed mixing 
matrix, we explore its implications for flavor changing and conserving processes in detail, low- 
energy CP-violating observables in particular. We report an improved lower bound on the Wr 
mass of 2.5 TeV from AMk and AMb, and a somewhat higher bound (4 TeV) from kaon decay 
parameters e, e', and neutron electric dipole moment. The new bound on the flavor-changing 
neutral Higgs mass is 25 TeV. 
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I. INTRODUCTION 



The physics beyond the Standard Model (SM) has been the central focus of high-energy 
phenomenology for more than three decades. Many proposals, including supersymmetry, 
technicolor, little Higgs, and extra dimensions, have been made and studied thoroughly in 
the literature, tests are soon to be made at the Large Hadron Collider (LHC). One of the 
earliest proposals, the left-right symmetric model (LRSM), was motivated by the hypothesis 
that parity is a perfect symmetry at high-energy, and is broken spontaneously at low-energy 
due to the asymmetric vacuum pj]. Asymptotic restoration of parity has a definite aesthetic 
appeal 0]. The model has a number of additional attractive features, including a natural 
explanation of weak hyper-charge in terms of baryon and lepton numbers, existence of 
right-handed neutrinos and entailed seesaw mechanism for neutrino masses, possibility of 
spontaneous CP (charge-conjugation-parity) violation, and natural solution for the strong 
CP problem. The model can be constrained strongly by low-energy physics and predicts 
clear signatures at colliders. It so far remains a decent possibility for new physics. 

The LRSM is best constrained at low-energy by flavor-violating mixing and decays, par- 
ticularly CP violating observables. In making theoretical predictions, the major uncertainty 
comes from the unknown right-handed quark mixing matrix, similar in spirit to that of the 
left-handed quark Cabibbo-Kobayashi-Maskawa (CKM) mixing. The new mixing is a uni- 
tary matrix, depending on 9 real parameters: 6 CP violation phases and 3 rotational angles. 
All are physical after the left-handed CKM mixing is rotated into a standard 4-parameter 
form. 

Historically, two special CP violation scenarios in LRSM have been considered. The first 
one, " the manifest left-right symmetry" , assumes that there is no spontaneous CP violation 
i.e. all Higgs vacuum expectation values (vev's) are real. Then the quark mass matrices are 
hermitian, and the left- and right-handed quark mixings become identical, modulo the sign 
uncertainty of the elements from negative quark masses. The second scenario, "pseudoman- 
ifest left-right symmetry", assumes that the CP violation comes entirely from spontaneous 
symmetry breaking (SSB) of the vacuum and all Yukawa couplings are real [3]. Here the 
quark mass matrices are complex and symmetric, implying that the right-handed quark 
mixing is related to the complex conjugate of the CKM matrix multiplied by additional CP 
phases. There are few studies of the model with general CP violations in the literature 0, 0]- 
It has been noted that there are problems with both manifest and pseudo-manifest scenar- 
ios. The manifest LRSM with real potential and vev's always provides more minimization 
conditions than the number of vev's, thus has a fine-tuning problem. In any case, in the 
non-suspersymmetric LRSM, the assumption of all parameters of the model being real is 
not technically natural since loop corrections lead to one of the parameters being complex. 
On the other hand, the pseudo-manifest LRSM, where exact CP is assumed before sym- 
metry breaking and all couplings in the Higgs potential are real, leads in the decoupling 
limit to either a model with light triplet Higgs, which is already excluded by SM precision 
test, or a two Higgs doublet model, which is excluded by experiment due to large tree level 
flavor- changing neutral current |6i]. Therefore, neither of the two special scenarios can be 
realistic. 

In a recent paper [3| , we reported a systematic approach to analytically solving the right- 
handed quark mixing in the minimal LRSM where only the requirement of parity invariance 
is imposed prior to symmetry breaking, leaving automatically only one CP phase in the 
Higgs potential and one in the Yukawa couplings and leading to a theory with both explicit 
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and spontaneous CP violations. This model therefore falls in-between the above two extreme 
cases and is free of the problems described above. Our approach is based on the observation 
that in the absence of any fine tuning, rrit ^ rrib implies that the ratio of the two vev's of 
the Higgs bi-doublet, ^ = k' / k, is small and is of the order of mf,/mt. In the leading-order in 
^, we find a linear equation for the right-handed quark mixing matrix which can be readily 
solved. We present an analytical solution of this equation valid to 0{X^), where A = sin^^; 
is the Cabibbo mixing parameter. The leading right-handed quark mixing is nearly the 
same as the left-handed CKM matrix, except for additional phases which are fixed by ^, 
spontaneous CP phase a, and the quark masses. 

Our work is similar in spirit to the detailed numerical study of the general CP LRSM 
made by Kiers et al. [s?], with the two vev's ratio k'/k fixed exactly to rrib/mt. It is 
interesting that the gross feature of the right-handed CKM was obtained already in the 
appendix of that paper, in particular the hierarchical structure of flavor mixing and the 
magnitude of the Dirac CP phase. However, realistic studies were made numerically for 
lack of an explicit solution with known precision. In fact, much of the numerical work of 
Ref. [1] goes into solving the right-handed CKM in the presence of 11 input parameters, 
which must be scanned through using Monte Carlo to obtain the physical quark masses and 
the left-handed CKM mixing. Because the extensive nature of numerical study, it is difficult 
to see some of the physics in a clear way, in particular, the interplay between the explicit 
and spontaneous CP violations in physical observables. Our explicit analytic solution for 
the right-handed CKM makes extensive analytical studies simple and straightforward. 

In this paper, we first give the detailed method obtaining the analytical solution to 
righthanded quark mixing [7|. With this explicit right-handed mixing, we study the neutral 
kaon and B-meson systems and the neutron electric dipole moment (EDM) to obtain the 
lower bound on righthanded W-hoson mass scale. The neutral kaon mass mixing provides 
a rigorous lower bound My/j^ > 2.5 TeV, with the use of the new lattice QCD calculations 
of the four-quark matrix elements and the strange quark mass. The indirect CP violation e 
receives large contributions from both explicit and spontaneous CP phases, and from both 
the gauge-boson box diagram and fiavor- changing neutral Higgs (FCNH). There are strong 
cancelations among all the contributions, which in turn constrain severely the relation among 
the spontaneous CP phase, M^^, and FCNH mass Mh. We use the cancelation condition 
to fix the spontaneous CP phase, which is then used to predict the neutron EDM in terms 
of the model parameters. Using the experimental bound on the EDM, we obtain a strong 
lower bound on Mw^, which can be improved with better calculations of the hadronic matrix 
elements and more precise experimental data. Furthermore, we study implications of direct 
CP violation in and decays. In the former case, a strong lower bound on Mw^ is 
obtained under the factorization assumption for the four-quark matrix elements. The CP 
violating observables in the kaon and B systems and the neutron EDM provide competitive 
or even stronger bounds than the well-known kaon mass mixing. We also present a detailed 
study of the Higgs sector in the presence of the spontaneous CP phase, including the mass 
spectrum, the neutral and charged couplings to the quarks, and the bound on the FCNH 
mass. 

The paper is organized as follows. We first briefiy introduce the minimal LRSM in Sec. 
II. In Sec. HI, we report our method in solving for the righthanded CKM matrix in the 
scenario of generic CP violation, including both spontaneous and explicit phases as is the 
case with only parity invariance. In Sec. IV, we study the Higgs sector, including the mass 
spectrum and Higgs couplings to quarks. In Sec. V, we explore the well-known neutral 
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kaon mass difference to find out updated constraints on the right-handed W mass and the 
FCNH mass. We also consider similar constraints from the neutral B-meson system. The 
CP violations in various processes are discussed in Sec. VI, including e, e', neutron EDM 
and CP asymmetry in i? — > J/iIjKs, to constrain the mass of Wr and the spontaneous 
CP phase a. We find that they place consistently strong lower bounds on Mpv^j and Mh. 
We conclude the paper in Sec. VII, with a table summarizing various constraint on the 
right-handed scales. 



II. THE MINIMAL LEFT-RIGHT SYMMETRIC MODEL 

The minimal LRSM is based on the gauge group SU{2)l x SU{2)r x U{1)b-l- Parity is 
assumed to be a good symmetry at the Lagrangian density level, and is broken spontaneously 
by vev's of Higgs fields. The electric charge formula can be written as a generalized Gell- 
mann-Nishijima formula including the third component of the right-handed isospin, T^l and 
T^R, and the difference between baryon and lepton numbers jl], 

Q = TsL + T3R+{B-L)/2 . (1) 

This in turn gives an explicit explanation for the standard model f/(l)-hypercharge in terms 
of physical quantum numbers rather than an arbitrarily adjustable quantum number Y. 

In the matter sector, the left-handed fermions form fundamental representations of the 
SU{2)l gauge group, while right-handed ones form the representations of the SU{2)r gauge 
group. The right-handed neutrinos are introduced automatically so that the right-handed 
leptons also form doublets under SU{2) r 



,f^L; V 3; ' \dRj ^ V ' 3 

L^= f^^^ G (2,1,-1) , ] G (1,2,-1) 



\ / \ ^ / 

where the quantum numbers are those of the above gauge groups. From these, we can easily 
write down the gauge-coupled Lagrangian density for fermions. 



+ LR,r {id^ - Y^R, ■r + ^B^^ Lr, , 

where the index i = 1,2,3 labels fermion generation with all the fields being in flavor 
eigenstates. Wr^lii and 5^ are the gauge fields associated with the above gauge groups, 
with corresponding couplings ql = Qr and g' . f are Pauli matrices for isospins. The right- 
handed currents couple to the gauge bosons Wr in a way symmetric to the left-handed 
counterparts. 
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The Higgs sector contains a bidoublet 0, belonging to the (2, 2, 0) representation of the 
gauge group, which is the left-right symmetric version of the SM Higgs doublet and two 
triplets Al,r belonging to (3, 1, 2) and (1, 3, 2), respectively, 



The Higgs boson's kinetic energy and coupling to the gauge fields are canonical, 

^Higgskin ^ Tr[(D^Az.)^p^Ai)] + Tr[(D^AK)tp^AK)] 

+ Tr[(D^0)t(D»] , (3) 

where the covariant derivatives are 

D,<P = d^^ + i^^Wl, ■ t6 1^0 r, ■ f , 
DnA^L,R) = d^A^L,R) + i^^^ W^L,R)n ■ r, A^L^R) + ig'B^A^L^R) . 

Again, left-right symmetry is explicit. 

Like the SM, we use the vev's of neutral Higgs fields to break the gauge symmetry. The 
symmetry group SU(2)l x SU{2)r x U{1)b-l is first broken to SU(2)l x U{1)y by the vev 
(Ar) = vr at TeV or multi-TeV scale. Then electroweak symmetry breaking is induced by 
the vev's of 4>. With a generic Higgs potential, all the neutral components of the Higgs get 
vev's. 
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where there are 4 neutral complex components and so generically 4 phases. At first it appears 
that 3 of them can be eliminated through gauge symmetry because we have 3 generators, 
T3L, T^R, and B — L, commuting with the electromagnetic charge operator Q. In reality, 
however, we can eliminate only 2. If the transformation parameters associated with the 
above 3 operators are 9l, Or and 9b-l, the Higgs fields transform as, 

{Al) ^ e^T3i^^(Ai)e-^^3i^ie^^^-^ , 

This leads a transformation of the vev phases, 

«! ^ "1 + - ^9r , 02 ^ "2 - ^Ol + ^Or , 

di,2 — 6*1,2 — Ol,R + Ob-L ■ (6) 
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It is clear that there are two independent combinations of transformation parameters, al- 
lowing removing two phases only. Conventionally the phases of k and Vr are set to zero, 
and thus the general form of Higgs vev's is simplified to 




If one chooses Vl = 0, the only remaining phase a is physically relevant. 

Since the bidoublet transforms non-trivially under both SU{2) l and SU (2)^, the gauge 
bosons Wl and Wr are not the mass eigenstates after SSB. From ^ we get the VT-boson 
mass matrix, 

where W^j^ = {Wlj^ =F ^^l,r)/'^^ g = Ql = Qr^Y parity. Since vl is at most on the 

order of the left-handed neutrino masses and k? + k'"^ on the SM scale, vl <^ 

and we can neglect vl in Eq. ([8]). The mass matrix can be diagonalized by a unitary 

transformation 

W+ \ _f cosC -sinCe*^ \ f \ (g) 



J \ sin Ce"^^ cos C ^ V ^2 

where and are mass eigenstates (1 and 2 subscripts shall not be confused with the 
Cartesian components of the isospins), with masses 

~ M\Y^ = gvR. The parameters C and A are related to the CP phase a and the masses 
of Wl, W2, K and k' 



X = -a, tanC = -^--2d=^ , (10) 



where again ^ = k'/k. If there is no cancelation in generating quark masses, ^ has a natural 
size mf,/mt, and thus ( is suppressed by both (Mw^/Mwn)'^ and rrib/mt and is smaller than 
4 X 10~^, which is much smaller than the current experimental bound 10~^. Even so this 
tiny mixing will be the dominating contribution to the neutron EDM, as we will discuss 
below. In terms of the mass eigenstates, the charged current couplings in the quark sector 
are 

^w-™t ^ -^uuY (cos CW+ - sin Ce^'W,^^) du (11) 

- ^uml^ (sinCe-*"iy+ + cosCW^sl.) dm + h.c. . 

The above expression is in quark flavor basis. In the next section, we will consider the quark 
mass basis in which it will be modified by the CKM mixing matrices. 
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III. RIGHT-HANDED QUARK MIXING MATRIX 



In this section, we will focus on the quark sector, solving for the right-handed quark 
mixing matrix compatible with the observed quark masses and the left-handed mixing. The 
solution is valid in the general CP violation scenario in which both explicit and spontaneous 
CP breakings are allowed. The only significant assumption we will make is that bidoublet 
higgs vev's and related Yukawa couplings have a hierarchical structure and there is no 
large cancelation in generating quark masses, and the solution can be made in a systematic 
expansion of the relevant small parameter. 

The most general Yukawa coupling of the quark fields with the Higgs bidoublet is given 

by 

= QiiihiA + kj(p)QRj + h.c. , (12) 

where = — ^r20*^r2 and flavor indices i,j = 1, 2, 3. Parity symmetry, under which 0''' 
and Q^i Qm, constrains h and h be hermitian matrices. After SSB, the above Lagrangian 
density yields the following up- and down-type quark mass matrices, 

Mu = nh + n'e-'^h , 

Md = K,'e''^h + Kh . (13) 

There are two terms in each, and we assume that there is no fine-tuned cancelation to 
generate a quark mass scale. Since the top quark mass is much larger than that of the 
bottom quark, the assumption implies that h and h, k and k' should not be on the same 
order. Without loss of generality, we take -C k and h <^ h. To leading order in k! / n, we 
have 

Mu ^ nh , 

Md = Kc'^'h + Kh . (14) 

The two terms in the down-type quark masses can be on the same order, however. Because 
of the flavor independence of the gauge coupling and the hermiticity of we can work in 
the basis where Mu is diagonal, 

Mu = Su\ I = SuMu , (15) 

nit 

in which Su = diag{s„, Sc, St\ is the sign of the up-type quark masses. It is present be- 
cause the eigenvalues of a hermitian matrix can either be positive or negative, and by 
convention we take all nii positive. In this basis, Md is not diagonal and is related to 
Md = diag{md, m^, mf,} via left- and right-handed CKM rotations. Since the phase factor 
in Md is generically non-zero, V^^m _^ v^km_ 

Md = V^™MdVS''''^Su . (16) 

For simplicity, we will omit the superscript CKM henceforth. From Eqs. f|T4l) . (fT5|) and (fT6ll . 
we have ^ 

Kh = VlMdV^Su - -SuMue'"" . (17) 
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Two comments are in order. First, through the phase transformations that are chirally 
independent but isospin-dependent, r — e^^^u^ ^ and d\^^ ^^^^d^i.Ry can bring Vl 
to a standard form with only 4 parameters (3 rotations and 1 CP violation phase) and the 
above equation remains the same. The h matrix, however, will be subjected to a unitary 
transformation and remains hermitian. Second, after the transformation, all parameters in 
the unitary matrix Vr must be physical, including 3 rotations and 6 CP-violating phases. 

To make further progress, one uses the hermiticity condition for h, which leads to the 
following equation, 

MnV}, - VrMd = 2ti sin a vIMuSuVl , (18) 

where Vr is the quotient between the left and right mixing Vr = SuVlVr. There are a total 
of 9 equations in the above expression, which is just enough to solve 9 parameters in Vr. 
It is interesting to note that if there is no spontaneous CP violation, a = 0, we recover the 
solution Vr = SuVlSd, in which Sd = diagjsrf, Ss, Sb} is the sign matrix for down-type 
quark masses. This is just the manifest LRS case. 

The above linear equations can be readily solved utilizing the hierarchy between down- 
type quark masses. We find an analytical expression for Vr up to order of O(A^), where A is 
sine of Cabibbo angle. We begin directly from flTH]) and the left side is anti-hermitian, and 
we can write it explicitly 

-2imd ImVRu -nisVRu -mbVRi3 \ 

rrisV^u -2ims lmVR22 -"^6Vr23 j > (19) 
^hVRi3 mbV^23 -2imb ImVfisa / 

where we have used <ti rris <ti rrib- The right-hand side of Eq. (ITSl) depends on the phys- 
ical quark masses, the standard CKM matrix, and the spontaneous CP violation parameter 
^sina. Thus we can solve Vr in terms of these up to 0{X^) 



lmVR^^ = -r sina^^X' ( + s.^A'X' {{1 - pf + v')) , (20) 

lraVR22 = -rsina'^^fs^ + s.'^A'X'] , (21) 

ImVR33 = -rsinast , (22) 

Vri2 = 2irsma^^^^^^x(sc + St—X^A^(l-p + ir])) , (23) 
msirit \ rric J 

Vj^^^ = -2irsmaAX^{l- p + iri)st , (24) 

\/^23 = 2ir sin a AX"^ St , (25) 



where r = {mt/mf,)C,, and A, A, p, and i] are Wolfenstein parameters for Vl. The above 
solution exists only when |rsina| < 1, which is an interesting and unexpected constraint. 
Since the natural size of ^ is mb/mt, r ~ 1, allowing angle a ~ 1. Given the physical values 
of various parameters, we find the following power counting: ImV/jn ~ A, ImVR22 ~ X, 
Vri2 ~ A^, Vri3 ~ A^ and Vr23 ~ A^. Using unitarity condition for Vr, we can solve all other 
elements. 
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Defining new phases sin = SDiJ-YaVm, where i = 1,2, 3, we have up to C(A^), 

Vr32 = -SsSbn^se'^''^''^ . (26) 
Therefore, we can write the righthanded CKM matrix in a more compact form 

Vr = PuVlPd , (27) 
in which Pu = diag(s„, Scc'^''^^, Ste'^''-^^), Pd = diag(srfe*^i, s^e'^^^ s^e"*^^), and 

/ 1-AV2 A AX^{p-i7])\ 

Vl= { -A 1 - AV2 AX^e-^''^ , (28) 

\AX\1- p~ir]) -AX'^e^'^^ 1 / 

which differs from Vl by a small phase in 23 and 32 elements. 

The phases 9i are functions of parameter r sin a and the signs of the quark masses Si and 
Si- Numerically we have, 

01 = — sin^^[0.31(sdSc + 0.18sdSj)r sina] , 

02 = — sin^^[0.32(ssSc + 0.25ssSt)r sina] , 

03 = — sin^^[sfeSjr sin a] , (29) 

where we have taken from the Particle Data Group the central values of the quark masses 
rriu = 2.7 MeV, = 5 MeV, = 98 MeV, = 1.25 GeV, rrib = 4.2 GeV, and rrit = 174 
GeV at scale 2 GeV [9|. It shall be noted that since only the quark mass ratios enter 
the mixing matrix and the quark masses run multiplicatively, the result is independent of 
quark mass scale. The parameters for the left-hand quark mixing are taken as A = 0.2272, 
A = 0.818, p = 0.221, and r] = 0.34. 

A few remarks about the above result are in order. First, the hierarchical structure of 
the right-handed mixing is similar to that of the left-handed CKM, namely 1-2 mixing is of 
order A, 1-3 order A^ and 2-3 order A^. Second, every element now has a substantial CP 
phase. When r is of order 1, the elements involving the first two families have CP phases 
of order A, and the phases involving the third family are of order 1. These phases are all 
related to the single spontaneous CP- violating phase a, and generate rich phenomenology 
for K and B meson systems as well as the neutron EDM. Finally, from fl27|) and fl29l) . it 
is clear that the final solution is a function of sign bi-products SiSj. We can always fix one 
of them, say Su, to be positive, then we are left with 2^ = 32 distinct sectors. The actual 
physical choice must be determined by phenomenology, as we will illustrate in the following 
sections. 

IV. HIGGS POTENTIAL, MASS SPECTRUM AND COUPLINGS 

In this section, we discuss several issues related to the Higgs sector. In particular, we 
consider the possibility of spontaneous CP violation from the Higgs potential, the mass 



9 



spectrum of the Higgs bosons, and the Higgs couphngs to the quark sector. The results are 
useful for phenomenological studies in the following sections. Some of the results presented 
here have appeared in the literature before, and we include them for completeness. 

The most general renormalizable Higgs potential invariant under parity is given by [K 



r(0,Ai,A^,) = -/x2Tr(0t, 



-Ai [Tr( 



+ A2 



Tr 



1 2 



Tr(00"f) + Tr(0^ 
2' 



Tr(Az.Ai) + Tr(A^Al,) 



+ 



Tr( 



+A3Tr(00t)Tr(0t0) + A4Tr(0V) Tr(00t) + Tr(0V) 



+Pi 

+P2 



Tr(A,.Al) 



+ 



Tr(A^Al,) 



Tr(AiAi)Tr(A[A[) + Tr(A«AR)Tr(At^Atj) 
+P3Tr(AiA[)Tr(A^Al,) +P4 [Tr(AiAi)Tr(Al,Alj) + Tr(A[A[)Tr(A^AR) 
+aiTr(0V) [Tr(Az.A[) + Tr(ARAj,) 



Tr(00"f)Tr(ALA[) + Tr(0V)Tr(A/?A^^ 



h.c. 



+"3 
+132 



Tr(00tA,.A[)+Tr(0VA^Aj 
Tr(0A^0tAt^) + Tr(0tA^0Al 



+ /33 



Tr(0AR0'fA[) + Tr(0'fAi0A 
Tr(0AB0tA[) + Tr(0tAi0A' 



(30) 



where there are a total of 18 parameters, /ii2 35 Ai^2,3,4, Pi, 2,3,4, «i,2,3, and /3i,2,3- Due to the 
left-right symmetry (LRS), only one of them, 02 can become complex and all other couplings 
are real. We have included an explicit phase 6**^^ in ^2, introducing an explicit CP violation 
in the Higgs potential. 

After SSB, the Higgs fields acquire vev's, and the potential is minimized with respect to 
them. The six minimization conditions are 



dy dY dy dr d-r 







Ok Ok' da dv^ Ovr 89 l 
which lead to six relations among the vev's and coefficients in the Higgs potential [l^, 11 



(31) 



+ [h cosOl - cosiOL - 2a)] 



(32) 



pi 



a2 



2 cos a 



+ 



cos(q; + ^2) + cos(q; — (^2)^ 



1 



"3^ 



4(1 — ^2)cosa; \ i;^ 



2A2^ cos 2a + A3^ + ^A4(l + ^^) cos a 



cos a 



Vl/vr 



+ [A(l - e) cosiOL -a)- 2/?2ecos^i + 2(3s^cos{eL - 2a)] , (33) 

4r( J- > / COS GL 
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[4 

9 

V 



pi 



R 

+2a2 



cos(a + ^2) — cos(q; — ^2) 



'R 



(34) 



(2pi - Ps) 



8a2^e^ sin a sin 82 



[/v_ 



— = [(3ii cos(^L -a) +(32 cos Ol + /?3e' cos(^l - 2a)]e' 



(35) 



= (3ii sin(^i - a) + /32 sin Ol + /^s^^ sin( 



2a) 



(36) 



2a2(l - ^')(1 - vl/vl) sin 52 = {2esin(^^L - a){(32 + (3^) 

+ [sin^i + e sin(^L - 2a)] — + ^sina [a3(l + t;i/4) + (4A3 - 8A2)(1 - e)e^] 

Vr 

(37) 

where e = k/vr represents a hierarchy in symmetry breaking. The above equations can be 
solved for the Higgs vev's in terms of the parameters in the Higgs potential. 

Historically, two special cases of the general potential have been studied in the literature, 
namely "manifest" and "pseudo-manifest" LRS limits. The manifest LRS assumes real 
Higgs potential i.e. 82 = 0, and in addition, no spontaneous CP violation, a = 6l = 0. 
The only source of CP asymmetry is from the Yukawa couplings. In this case, the quark 
mass matrices are hermitian due to parity invariance, and the left- and right-handed CKM 
matrices are identical up to quark mass signs. Most early studies were made based on this 
simplification. At the level of Higgs potential, this scenario necessitates fine-tuning: From 
the neutrino and quark mass hierarchy, we have f^, <C < k <C vpt- Taking all the phases 
to zero in Eqs. (!32|) - (!37|) . the following relations are found at leading order in 13 



P? 



'R 



ai 

T 



2{i-e 



pi 



'R 



a2 



+ 



2 4(1 -e^ 



Ps 



'R 



pi- 



(38) 



There are three equations for only two vev's vr and ^, implying a relation among parameters 
in the Higgs potential, which can only be achieved through fine-tuning. 

On the other hand, pseudo-manifest LRS requires P and CP invariance of the Lagrangian 
{82 = 0), with the complex vev phase a alone to explain the source of CP violation in the 
quark sector. The Higgs potential is real when 82 = 0, but the vev could be complex. The 
Yukawa couplings are real and symmetric. The right-handed CKM matrix is related to the 
complex conjugate of its left-handed counterpart with additional diagonal phase matrices 
multiplied on both sides. However, when Higgs potential is real, the spontaneous CP phase 



is proportional to 



TUWr 



and therefore goes to zero in the f r — 00 limit (l2t]. If one 



allowed for fine tuning of parameter, one can generate a large enough phase [13[ but at the 
price of large flavor changing neutral current. Phenomenology of these models have been 



extensively studied in literature [IJ, Il5| , and it has been established that this scenario fails 
to produce large enough CP asymmetry in B ^ ipK decay in the decoupling limit even 
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when the maximum spontaneous CP phase is allowed. Away from the decoupling limit, the 
scenario has been ruled out by the sign correlation between e and the above B-decay CP 
asymmetry 

In view of these results, for the minimal LRSMs to be realistic and natural, both explicit 
and spontaneous CP phases must be taken into account. Anyway, as noted this is precisely 
what happens in the minimal model. In Ref. flT], an approximate relation was derived 
between the spontaneous CP phase a and the explicit CP phase 82 in the Higgs potential, 

. _i / 2|a2|sin(52\ , . 

a ~ sm , (39) 



"3^ 

where small ^ requires a hierarchy between 02 and 0:3, and/or small 82- Clearly, when 82 = 0, 
one has a ~ 0. A pioneering numerical study of the general CP scenario has been made 
in Ref. [11 . We will consider the Higgs spectrum and coupling in this general case in the 
remainder of the section. 



A. Higgs Mass Spectrum 

With the Higgs vev's in Eq. ([7]) and the minimization conditions in Eqs. fl32l)- fl37l) . the 
Higgs mass spectrum can be found in the presence of the CP phase 82 in the Higgs potential 
as well as the spontaneous phase a. We further restrict to the case n' <^ vl = 0. Thus 
9l becomes irrelevant and all (3i decouple. We will keep only terms linear in e and ^ for 
simplicity. 

In the minimal LRSM, there are 20 scalar degrees of freedom in the Higgs fields (j), Al 
and A^, including 2 double-charged, 4 single- charged and 4 complex neutral Higgs bosons. 
After SSB, the mass eigenstates are linear combinations of those. Two single-charged and 
two real neutral Higgs bosons get absorbed and become longitudinal components of Wl, 
Wr, Z and Z'. 

Gt = (-ee-^>^ + <Pt) , 
1 

= V2lm8%, 

= V2lm « + ee"'"02) , (40) 



Gt = {-^e4>t + 8t 



where we have neglected terms of order and Among the remaining 14 fields, only one 
real and neutral component acquires mass at the electroweak scale k, identified as the 
SM Higgs boson, while the other Higgs fields have masses of order vr. The physical Higgs 
states and their masses are collected in Tabled In the limit a — 0, ^2 and k, k' -C wr. 



our results agree with those in Ref. [16[, except for the SM Higgs mass. 

The calculation of SM Higgs mass is a bit involved and warrants a little further discussion. 
From the (tree-level) Higgs potential, one can write down the mass matrix for 8 neutral Higgs 
components in the basis of {Re (j)^, Im 0°, Re 02; -^^ ^l^ ^l^ -^^ ^r}- 

The rows and columns containing Re 8^, Im 5° and Gz' = Im 8^ are already diagonal 
and hence decouple. 

The remaining 5x5 sub-matrix is somewhat complicated. Since the major com- 
ponents have Vi^-scale masses, we can work in perturbative expansion with respect to 3 
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h^ = V2Re (</)?*+ ,ee~^"0^) 

Hi = V2 Re (-^e 01 + 02) 
H^ = V2Re 5% 

— V -^e 

^5 = V2 Im (-ee^°0?* + 0°) 

— Tm r^" 

-i^O V ^ J-ili U T 


2 

"34 


Ht = St 
Ht = 0^ + ee^"0^ + ;)5e<5+ 


"3 (4+^^^) 


sr 


4p2vl + asK^ 



TABLE I: Physical Higgs states and mass spectrum at leading order in minimal LRSMs. We 
assume vl = and keep only linear terms in e = k/vr and ^ = k'/k. All fields but hP have masses 
on the vr scale. /i° is identified as the SM Higgs boson. 



parameters: the spontaneous phase «, ^ = k'/k and e = k/vr. As we shall see later, in 
order to satisfy the CP constraints and to have the right-handed scale at TeV, they must be 
approximately of the same order: Q;,^,e ~ C(10"^). Naively, the SM Higgs mass squared 
should be of electroweak scale ^ k,^ — e^v\, and we must work up to the order in di- 



agonalization: M [a,^,e) 
{Re 0°, Im 00, Re 0°, Im 



^2) 



Re 5°} 



^(1) + ^(2) 



+ 



At zeroth order, in the basis of 



/O 



Ml) 



4 



as 



\ 



(41) 



4pi/ 



which is already diagonal. Re 0^ and Im 
at scale ~ vr. This means Re 0^ and Im 
hP and the Goldstone boson Gz 
relevant. 



have zero mass and the other three have masses 
05 are the dominant components of the SM Higgs 
At the first order, only the first two rows of M?^-. are 



V 



R 



2aie\ 
J 



and at the second order, only the upper 2x2 block of M^|^ is needed 



Ml) = vj, 



2 / a^e + 4e2Ai 











(42) 



(43) 



Using the standard formula in perturbation theory, the SM Higgs boson state and mass up 
to the second order in the expansion are 



V2Re (0?* + ee-^>°) , 
mlo = (^4Ai - ^) '^^ + «3e'4 



(44) 
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There are two contributions to rriho. One is the usual electroweak breaking mass 4Aik^, 

„2 



a 



and the other is the mass shift as^^vj^ k , due to additional couplings in the Higgs 

Pi 

potential. Because ^ = rrib/mt ^ e = k/vr, the two parts are roughly comparable when 
Ai ~ 0:3 ~ 0{1). 



B. Charged and Neutral Currents 

In this subsection, we present the charged and neutral couplings between quarks and 
Higgs mass eigenstates. From the Yukawa coupling term (1121) . we can express h and h in 
terms of the vev's and quark mass matrices 



h 



Using 



one can write 



MuK, - Mdn'e- 



h 



MdK - Mun'e'' 



-02 <PT 

h.c. ^^N + ^C ■ 



K 



■^Y = Q Li{hij(l) + hij(j))Q Rj 

The neutral Higgs-quark coupling part is 

■^N = ULiihij(j)1 + hij(f)l*)uRj + dLiihij(f)l + hij(tPi)dRj + h.c. 
\ 1/2 



(45) 
(46) 
(47) 



(V2G1 



1/2 



ULi(vLMDVl) {Hl-iAl)uR^ 



+ dL^ (vIMuVj^ {Hi + lA\)dR, 



+ h.c. 



(48) 



where Vl,r are left- and right-handed CKM matrices, has the known SM Higgs couplings 
to the quark fields. The second term in Eq. psj) changes the quark flavors through and 
A\ bosons. They are called the flavor changing neutral Higgs (FCNH) bosons in LRSMs. 
The dominant contribution comes from the intermediate top, bottom and charm quark 
masses. Taking into account the CKM hierarchy, we found that the transitions from d to 
s with intermediate charm quark mass and from 6 to s with intermediate top quark masse 
are most significant. 

The charged Higgs-quark coupling part of Lagrangian density is 

■^c = ULi{hij4>t - hij(j)^)dRj + dLi{hij(j)2 - hij4>i)uRj + h.c. 

\uL^ (MuVr - 2^e-'''VLMn) . . dR,H+ 



Urn ( VrMo - 2^e-'^MuVL ) dL,H^ 

/ ij 

ULi ( VlMd ) dRjGl + URi (MuVl) dL^l 



+ h.c. 



(49) 
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Again, the couplings are proportional to quark masses and hence the heavy-quark contri- 
butions stand out. With the above couplings, we will study their contributions to various 
flavor changing and conserving processes in the minimal LRSM. 

V. - if AND NEUTRAL B-MESON MASS MIXING 

In this section, we consider the neutral kaon and 5-meson mass mixing in the minimal 
LRSM, using the righthanded quark mixing matrix obtained in the previous section. We 
first study the Wl — Wr mixing-box contribution to the Kl — Kg mass difference ArriK and 
derive an improved bound (2.5 TeV) on the mass of right-handed gauge boson Wr, using 
the updated hadronic matrix element and strange quark mass. Historically, the kaon mass 
mixing provided the most st ring ent constraint upper bound (1.6 TeV) on the mass scale of 
the right-handed Wr boson [171] . With our new right-handed CKM mixing, the conclusion 
does not change significantly, although in the literature, quite different mixings have been 
speculated upon and the result did change dramatically, and we rule these possibilities out. 
In the past few years, significant progress has been made in hadronic physics through lattice 
QCD simulations, helping to tighten the bound. We also consider the contribution from 
the FCNHs and constraint on their masses. Because the box and FCNH contributions are 
additive, the bounds are vahd independently. In the last subsection we explore — 
and Bg — Bg mass mixing. Because the hadronic contributions arise dominantly from short 
distance, the bounds on M^y^ and turn out to be significant as well. 

It is useful to provide our convention for neutral meson mixing at the beginning. For a pair 
of neutral mesons, \P^) and |-P°), we assume under CP transformation CP\P^) = \P ). If the 
effective hamiltonian in the basis of |P°) and P ) is Hij = Mij — iTij/2, a pair of eigenstates 

are |Pi,2) = ± The ratio q/p is chosen to be ^J{Ml^ - iT\j2)/{Mi2 - iTi2/2). 

In the CP symmetric limit, it is possible to have q/p = 1, and Pi is then CP-even and P2 
is CP-odd. The mass difference is M2 — Mi = — 2Re(g/p(Mi2 — iri2/2)), and the width 
difference Fa - Fi = 4Im(g/p(Mi2 - iFi2/2)). 



A. Kaon Mixing and the Boxing Diagram 

In SM, the leading-order short- distance AS* = 2 process comes from the box diagram 
with Wl boson and up-type quark exchanges. Flavor change happens at the vertices via 
the CKM mixing matrix. The short distance contribution comes mainly from internal loop 
momentum flow at the scales around c and t quark masses, whereas the momentum re- 
gion around Wi-boson mass is suppressed due to the celebrated Glashow-Iliopoulos-Maiani 
(GIM) mechanism. The long-distance contribution comes from one or two up-quark ex- 
changes and must be calculated using non-perturbative methods. It has been generally 
accepted that this latter contribution does not dominate over the short distance one. In 
fact, a chiral perturbation calculation [l8| puts the long distance contribution at about half 
of the experimental mass difference. 

In the LRSM, there are new box-diagram contributions which turn out to be quite large 



171 . |19| . The dominant one comes from Wl — Wr interference with one internal vector- 
boson being the lefthanded Wl and the other righthanded Wr. As such, the chirality of the 
internal as well as external quarks must be flipped, and the contribution is proportional to 
the internal quark masses, as shown in Fig. [H There is no GIM suppression even in the 
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FIG. 1: Dominant contribution to K^-Kg mass difference in LRS model. 



manifest LRS scenario: V/, = Vr. The effective Lagrangian from the Wl — box-diagram 
is 



^1 



LR 



q2 



47r2 



x/i(xi, Xj, ri)-{l + r])l2{xi, Xj, r])] Olr + h.c. 



in which A^^ = V^isV^jji, v 
operator is 



Wl 



M, 



and Xi 



rrii 



Ml 



Wl 



(50) 

u,c,t. The four quark 
(51) 



where f^^ji = (1 =f 75)/2 are chiral projection operators. The loop-related integrals are 

7] ln(l/r7) 



Ii{xi,Xj,r]) 



+ 



hixi, Xj,r]) 



+ 



1 - ?7)(1 - Xir]){l - XjT]) 
In "2/2 

{Xi - Xj){l - Xi){l - XiT]) 

ln(l/r/) 

l-r]){l- XiT]){l - XjT]) 

xf In Xi 

{Xi - Xj){l - Xi){l - XiT]) 



+ i) 



(52) 



The above contribution is evaluated in 't Hooft-Feynman gauge. Generally, we have other 
contributions from the exchange of single- charged Higgs bosons as well as the Goldstone 
bosons if the calculation is not in unitary gauge. In fact, to maintain gauge invariance, we 
have also to include the triangle diagrams with the FCNH bosons and the related self-energy 
corrections 13]. It turns out that in the gauge we use, the box diagram with Wl and Wr 
interchanges alone gives the dominant contribution. 

The Wilson coefficient in Eq. fl50|) is proportional to the internal quark masses and the 
corresponding CKM matrix elements. The up-quark contribution is negligible and the top- 
quark contribution is suppressed by the off-diagonal CKM elements. Therefore the charm- 



16 



quark exchange dominates the effective interaction which simphfies 



LR 



1 + In Xc + - In ?7 



47]-2 

X [{sd)' - (sj.df] . (53) 

The hadronic matrix element of the four-quark operator is expressed in the vacuum satura- 
tion form, 

< Ko\d{l - 75)^^(1 + 75)^1^0 >= -2MKF^^B^{fi) ( ] , (54) 

where the kaon decay constant Fk = 113 MeV and i?4 = 1 corresponds to vacuum saturation 
approximation. In this form, the matrix element diverges in the chiral limit, an important 
reason for the enhanced contribution of the box diagram. The correction factor, B4, can be 
and has been calculated using lattice QCD. In a recent calculation 2l||, the domain- wall 
fermion was used, and B4 = 0.81 was found at /i = 2 GeV in naive dimensional regularization 
scheme. In the same scheme and scale, the strange quark mass is rUg = 98(6) MeV, which 
is smaller than what one has naively expected in the past. 



B. An Improved Lower Bound on Myy^ 

Considering only the box diagram, the new contribution to the mass difference of K^ — Ks 
can be expressed as 

ArriK = 2 Re r/4(/i)(ir°|^^^='(/i)|i?°) , (55) 
where 774 is a factor characterizing the QCD radiative correction in scale running from Mw^ 



to /i ~ 2 GeV |22l . |23| . |24| . There are several enhancement factors here comparing to the SM 
box diagram. First, due to absence of the GIM mechanism, the Wilson coefficient is about 
a factor of 30 larger. Second, the hadronic matrix element is chirally enhanced by a factor 
of 20. Finally, the short-distance QCD correction 774 = 1.4 gives another enhancement. The 
only suppression comes from the difference between the left and right-handed symmetry 

breaking scales, r] = (^ j^^ ^ ■ Therefore the new contribution can be approximated by 



AMk_lr ~ 10^ X -p^ X AMk_sm . (56) 
The sign can both be positive or negative depending on the product StSc- With the standard 



criteria that the new contribution should not exceed the experimental value [17|], we find a 
lower bound for M^^, 

Mwr > 2.5 TeV . (57) 

On the other hand, the SM contributions from both long and short distances have the 
same sign as the experimental number and account for more than one-half of its value. 
Therefore, a less conservative bound is obtained if requiring the new physics contribution 
is less than one-half of the experimental data. If this new standard is adopted, the above 
bound change to 4 TeV. Giving the long-distance uncertainty in AMx, this bound shall 
be used at less confidence level. Nonetheless, as we shall see in the next section, the CP 
violating observables are providing equally competitive bounds albeit with a significant 
hadronic physics uncertainty. 



17 



C. Tree-Level FCNH Contribution and A Lower Bound on Mh 



In the LRSM, there is also a new contribution to the — mixing mediated by the 
FCNH. The FCNH boson is a complex field and can be expressed in terms of the two real 
fields and A^. The effective lagrangian follows from Eq. 



FCNH 



V2 



\RL \LR 



mi 



m 



HO 



m 



m 



AO 



(58) 



The corresponding Feynman diagram is shown in Fig. [2l According to our previous discus- 
sion, the two scalar fields Il\ and have the same masses, roughly corresponding to the 



righthand scale, m^o 
more compact form 



m 



Therefore, it is convenient to rewrite Eq. fl58l) in a 



0^ 



FCNH 



Hi 1,3 



(59) 




FIG. 2: AS = 2 effective interaction induced by flavor-changing neutral Higgses. 

It is easy to check that the FCNH and the box diagram contributions have the same sign 
because 4(l-|-lna;c) -l-lnT] < 0, and thus they cannot cancel each other, even allowing possible 
freedom in choosing the quark mass sign. Therefore, the lower bound on the righthanded-W 
boson mass remains. One can also derive a lower bound on the masses of and using 
AMk- a straightforward calculation shows that if demanding the FCNH contribution is 
less than the experimental data, 

Mj:^o,M^o > 15 TeV . (60) 

which is about twice as large as in [5]. One can obtain this value presumably by a large 
parameter in the Higgs potential. However, one cannot make ^3 arbitrarily large. As we 
shall discuss later, large 03 not only causes naturalness problem, but also leads to a large 
SM Higgs mass which threatens the perturbative unitarity [25|. 
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D. Constraints Prom Neutral and Bg Mass Mixing 

The physics of — Bd and Bg — Bg mixing in SM is similar to that of — mix- 
ing, coming from the ly-boson box diagram and FCNH. However, in the former case, the 
intermediate top quark contribution dominates almost entirely due to its mass and CKM 
couplings. Because of this, the SM calculation can be done quite accurately with the help 
of the lattice QCD matrix elements. In fact, in many global CKM fits, the mass differences 
AMb and AMbs have been used to determine the top CKM couplings Vtd and Vts- However, 
there are still appreciable uncertainties in the lattice calculations and global CKM fits, and 
the beyond SM physics could contribute as much as 20% of the mass differences without 
running into conflict with the present SM calculations and experimental data. We will use 
this possible discrepancy as a constraint on the LRSM. 

The LRSM contribution to the mixing can be taken directly from (ISUjl 

xli{xt,xt,r]) - {1 +'r])l2{xt,xt,r])] bF iqbF rq + h.c. , (61) 

where the leading-logarithmic running factor ris = 2.112 [23] and the functions /j are defined 
in Eq. fl52l) . The hadronic matrix element can be defined using a factorization, 

< Bg\qFLbqrRb\B, >= -MbJ'b.B'M 

where the minus arises from our definition of the CP transformation for the meson states. 
The decay constants have been calculated in lattice QCD: /^^ = 216 MeV, Jb^ = 1.20/^^ [2^ 
and the non-perturbative i?-factors are Bf = 1.16 and B^ = 1.17 |27]. The ratio of the new 
contribution to the SM one is ~ lO^M^^/M^^, which is smaller than the kaon mixing case 
in the absence of chiral enhancement. 



1 

^0.8 

I 

&0.6 
I 0.4 
< 0.2 



12345 12345 
Mr (TeV) Mr (TeV) 

FIG. 3: Bd-Bd and Bg-Bg mass differences from the Wl — box diagram with top-quark inter- 
mediate state plus the SM contribution. The shaded regions are within 20% of the experimental 
values. 

The experimental values for the mass differences of Bd and Bg are (0.507 ±0.12)ps~^ and 
(17.77 ± 0.12)ps~\ respectively with central values shown as horizontal lines in Fig. [31 
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2 V mfe -|- rrin 



(62) 
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The shades around the central values are within 20%, and are considered as the combined 
experimental and SM theory error. In the same figure, we also plot the mass differences 
as a function of Miy^, calculated as a sum of the LRSM contribution and the experimental 
central values. The agreement between experiment and theory is reached only when M^y^ is 
larger than 2.5 TeV. The sign of the LRSM contribution is related to that of s^Sb and SgSb, 
which we have chosen to be +1. If taking as —1, approaching to the central value comes 
from below. 

Thus the constraint on the Mpv^ mass from the neutral i?-meson mixing is roughly 
comparable to the kaon case, due to a better theoretical understanding of the SM physics. 
The future improvement can come from a better determination of Vtd from other sources 
and a better determination of i?-parameter and decay constants. 

We have also studied the constraint on the FCNH mass, M^- We find that from AMb^, 
the bound is 12 TeV, and for AMb^, the bound is 25 TeV. 



VI. CP- VIOLATING OBSERVABLES IN LRSM 

As mentioned before, in a generic yet minimal LRSM we have both explicit and spon- 
taneous CP violations. A prominent feature of right-handed quark mixing Vr obtained in 
the previous section is its phases, which are entirely determined by the Dirac phase 6cp and 
the spontaneous CP phase a. These physical phases generate interesting effects in various 
CP-violating observables. The phenomenology of CP violation in LRSM is rich, which in 
turn constraints the model severely. In this section, we will explore a number of CP violat- 
ing observables including e, e', neutron EDM and CP asymmetry in B ^ J/ipKs, to place 
constrains on the mass of Wr as well as the spontaneous CP phase a. Some results here 
have appeared before in a Rapid Communication paper 0] and there are important updates 
in this more extensive study. 

The indirect CP violation e receives large contributions from both explicit and sponta- 
neous CP phases. Unless there is a strong cancelation, the right-handed Wr mass must 
be larger than 15 TeV. We use the cancelation condition to fix the spontaneous CP phase, 
which is then used to predict the neutron EDM. Using the experimental bound on the EDM, 
we obtain a strong lower bound on Mw^, which can be improved with better calculations of 
the hadronic matrix elements and more precise experimental data. We obtain a strong lower 
bound on Mvi/^ from the direct CP violation parameter e', calculated under the factorization 
assumption for the four-quark matrix elements. Therefore, we find that the CP violating 
observables in the kaon system and neutron EDM provide competitive bounds as the well- 
known kaon mass mixing. These bounds can be improved further with better knowledge of 
the non-perturbative hadronic physics. 



A. Indirect CP violation e in Kaon Decay 

We first study the CP violating parameter e in kaon mixng. This indirect CP violation 
parameter is related to the fiavor mixing interaction by. 



eW4 lm{K'>\^^'^=^\Tr) 

'71" ^ ' ^ ^ 
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where we have neglected the direct CP contribution from kaon decay, which can be 
justified posteriori [5|]. In LRSM, according to the previous section, both the Wl — Wr box 
diagram in Eq. (l53|l and the tree level FCNH exchange in Eq. (!59|) can make significant 
contributions. In the present case, their signs can be different due to both charm and top 
quark contributions, in contrast to the mass mixing For simplicity, we ignore that latter 
contribution and consider the constraint from the box diagram alone. 

There are two sources of CP phases in Vr which enter the Wl — Wr box diagram: the 
Dirac phase 5cp inherited from V^, and the spontaneous phase a. In the manifest LRS case, 
only 5cp is present and there is a very tight lower bound on mass of Wr which we find no 
lighter than 15 — 20 TeV (see below). If the spontaneous CP phase is also present, one can 
seek for certain cancelation between the two contributions to lower the bound on My/j^- In 
fact, one can roughly estimate the size of rsina for a cancelation. The Dirac phase (5cp 
appears in the expression e proportional to V^*V^ ~ A^sin^c-p via top quark exchange in 
the box diagram, while the spontaneous CP phase contributes through V^*V^ ~ A^rsina. 
Hence rsina should be of order X^sindcp ~ 0.01 when cancelation happens. 
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FIG. 4: Typical scenarios from the e constraint: The first and two figures correspond to = = 1 
and Sd = Ss = —1, respectively (small rsina solution). The third and fourth correspond to Sd = 
—Ss = 1 and Sd = —Ss = —1 respectively (large rsina solution). In all cases, Su = Sc = st = Sb = 1. 

The present experiment value is |e|expt = (2.232 ± 0.007) x 10~^ |9|. In SM, e can be 
calculated quite accurately because the top quark dominates the box diagram and the main 
contribution is due to short-distance QCD physics. The only large uncertainty comes from 
the CKM matrix element Vtd and the hadronic matrix element related to — K mixing. 
Because of this, we assume that the new contribution accounts for less than 1/4 of the 
experimental value. 

Using the box-diagram result in the previous section, we find an approximate expression 
for eiR vahd for Mwn > 200 GeV , 

eLR = l.58(^-^] SsSdlm[g{Mw^,e2,e3)e-''^'^+''^] , (64) 
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where 



g{Mwu, O2, O3) = -2.22 + [0.076 + (0.030 + O.OlSi) ScSt 

xcos2(^^2-^^3)]ln(^y , (65) 

where 6i are given in Eq. fl29l) and the QCD running correction has been taken into account. 
When 6i = 0, the dominant CP violating contribution comes from charm-top interference in 
the box diagram. 

We search for the allowed region in Mwi^-r sin a plane shown in Fig. |H The spontaneous 
CP violation effect can always cancel the effect of the Dirac phase, thus e itself places no 
bound on Mw^- The cancelation depends on choices of the quark mass signs. The 32 choices 
of the signs (for fixed = 1) roughly correspond to two scenarios: small r sin a solutions 
for Ss = Sd and large r sin a solutions for Sg = —Sd- The existence of two scenarios can be 
readily seen through the above approximate expression. According to (l29l) . 6*1 and 6*2 are 
similar in size and their relative sign depends on the bi-product SdSg. When Sg = Sd, 9i and 
62 have the same sign and add constructively in the exponential in (IMIl . So a itself must 
be small in order for 61 + 62 to cancel the phase in g{Mwii, ^2, ^'3). This generates the small 
rsina solutions. On the other hand, if Sg = —Sd, 61 + 62 cancels and is proportional to 
rsina multiplied with a small coefficient. So rsina has to be large to cancel the phase in 
(yf(Mvi/^, 62, 6*3). This corresponds to the large r sin a solutions. For the small r sin a case, we 
find rsina ~ ±0.05, but for large rsina, it can take several different positive and negative 
values. As we will see in the next subsection, if one includes the constraint from neutron 
EDM, only small r sin a is phenomenologically viable. 
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FIG. 5: Constraint on and the spontaneous phase a from kaon decay parameter e, with 

Sd = Sg = and all other Sj = 1. Red triangles are for Mh = 00, blue squares are for Mh = 75 
TeV, and green dots for Mh = 20 TeV. 



Of course, one has to consider the FCNH contribution which has been known to be large 
281]. In fact, with just the Dirac CP phase in the FCNH contribution, e places a limit on 
the Higgs mass on the order of 100 TeV. With the new spontaneous CP contribution, there 
is a possibility of cancelation. In fact, one can make similar plots as in Fig. |H in which the e 
bound can be satisfied even for very low Mh ~ 1 TeV. However, the required r sin a for the 
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cancelation, ±0.2, is very different from that needed for the box diagram. The conclusion is 
that there is no bound on Mh coming from e when FCNH contribution is considered alone. 

Because of the conflict in the spontaneous CP phase required for individual cancelations 
in the box and FCNH contributions, one might expects their combined contribution places a 
joint bound on M^^^ and M^- This, however, is not the case, because the two contributions 
again cancel each other, as was first found in j^. In fact, with the analytical solution for 
the right-handed mixing, we arrive at an even stronger conclusion: For any given pair of 
and Mh, we can always find a rsina such that the total contribution to e vanishes. 
This situation is extremely interesting, because it implies that e itself, unlike the kaon 
mass difference, is completely useless in constraining the individual parameters in the new 
contribution. It does, however, provide a correlation among different parameters, as shown 
in Fig. [5|, where for several different values of Mh = oo, 75, 25 TeV, we plotted the allowed 
regions in the and r sin a plane. Because of the FCNH contribution, the pattern of the 
correlation changes considerably as Mh changes. The general trend is that the spontaneous 
CP parameter rsina increases toward 0.2 as Mh becomes smaller, consistent with the 
cancelation pattern in FCNH contribution to e found above. 



B. Neutron EDM 

The neutron EDM imposes another constraint on the new CP phases in Vr and Mw^- 
Non-zero EDM implies both P and T (or equivalently CP in local quantum field theories) 
violations. At the quark level, sources of flavor-neutral CP violation are mainly from the 
penguin diagrams in the SM, and from the tree level Wl — Wr exchange in the LRSM 
[29, 3^. Generally, there are several contributions to the neutron EDM, including valence 
quark EDM, quark chromomagnetic dipole moment (CDM) induced EDM, dimension-6 pure 
gluonic operator contribution, as well as the contributions at hadronic level. The present 
experimental upper bound on neutron EDM is 3.1 x 10~^^e cm [9|. 

In the SM, contributions to the neutron EDM mainly come from the CP violating pen- 
guin diagrams. The flavor changing nature of CKM CP violation means that the leading 
contribution is at least second order in weak interaction (~ Cj^). The predicted neutron 
EDM is well within the experimental bound — about 10~'^^e cm. 

u d (s) 




d(s) u 



FIG. 6: Dominant quark-level effective operators contributing to neutron EDM in LRSM. 

In the LRSM, the flavor-conserving CP violating four-quark operator arises from the 
tree-level diagram with Wl — Wr mixing exchange, as shown in Fig. E] 

^^,^uq = -2V2Gf sin Ce-*"K^,K? {01 - O^) + h.c. , (66) 
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where q = d,s, and 

01 = uj^FLqq-f^FRU - '^uFRuqFLq , 

01 = '^uFnuqFLq . (67) 

At low energy, short- distance QCD effect enhances the operator O'L and suppresses 0+. The 
effective Lagrangian reduces to [3l| 

^ud{s)^ud{s) = -i ^^^^ r]_ sinC [im (e~'"V;^\4^*) [uj^udd - uud'j^d) 

+ Im (e-^"K^,V;t) («75wss - uus^.s)] , (68) 



2^ 
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where the leading-log QCD factor r7_ = — - — 7^ — - ~ 3.5. The CP violating nnn 

coupling is proportional to the hadronic matrix element gnnn = {T!'n\^ud(s)^ud(s)\'n) which, 
in the factorization approximation, is 

{nnlq'-y^q q'q'\n) ~ {TT\qj5q\0) {n\q' q' \n) , (69) 

for q = u,d and q' = u,d,s. From the SSB of the chiral symmetry, 2m„(7r|-u75u|0) = 
— 2md(vr|(i75(i|0) = — zF^m^, with = 93 MeV. {n\uu\n) ~ 4 and {n\dd\n) ~ 5 can be fixed 

from the neutron-proton mass difference and the ttN cr-term: ctat = -{rriu + md){n\uu + 

dd\n) ~ 45 MeV [32|, where we use quark masses = 2.7 MeV, = 5.0 MeV at = 2 
GeV. We neglect {n\ss\n) <ti {n\uu\n). 

The neutron EDM from the Feynman diagram in Fig. [7] is 

— / 2 

6 gnnn Qirnn l^N j-, / ^5 



4= ^7r , F[^] , (70) 

where //at = —1.91 is the neutron anomalous magnetic dipole moment and the loop function 
is 

F(s) = --s lns + ^ — ^ arctan — —. (71) 

^ ^ 2 2 2v/s-sV4 s/2 ^ ^ 

The contribution is suppressed by the mixing angle ( between Wl and Wr, but is enhanced 

/A V 

by the chiral logarithmic factor In I — — . Putting in all the known physical parameters, 
we arrive at an approximate formula 

K\ ^ 3 X 10-'' sinC Im (e-*"KdKf/) ecm , (72) 

which is approximately a function of rsina for small a. 

For a fixed M^, the neutron EDM and e can be used to give a lower bound for 
as well as a corresponding solution for rsina. On the left panel in Fig. [S], we have shown 
the neutron EDM constraint as a function of rsina and M^i/^, and it is obvious that the 
EDM limit prefers small rsina. The smallest spontaneous CP phase is obtained when Mh 
is large and decouples, and then 

Mwi, > 8 TeV , (73) 
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FIG. 7: A dominant contribution to the neutron EDM through chiral pion exchange. The shaded 
blob is CP violating coupling ^Trnn, and the black dot is the strong coupling ^Tmn- The neutron 
couples to photon via its anomalous magnetic moment. 

which is a very tight bound. At this point, we also fix the product 

r sina ^ 0.05 . (74) 

For a lower Mu-, the spontaneous CP phase must be large from the e constraint, and the 
corresponding lower bound on Mvi/^ increases considerably. For example, when Mu = 75 
TeV, rsina is now greater than 0.1, and the lower bound on becomes ~ 18 TeV. 

We note that there is considerable hadronic uncertainty in the evaluation of CP-violating 
coupling (^Trnn and, to the less extent, chiral perturbation expansion. However, even one 
allows a factor of 5 over-estimate in the hadronic calculation, the combined e and EDM 
will still provide a strong constraint on M\Yj^ on the order of order 4 TeV, as shown on 
the right panel in Fig. [SI If = 25 TeV, the lower bound on M]y^ becomes 8 TeV. A 
future improvement on the neutron EDM data and theoretical calculation can strengthen 
this bound considerably. 

We finally comment on the Higgs boson exchange contributions to the neutron EDM. 
According to Sec. IIVB| the Higgs bosons H^, and H2 have CP violating couplings (Eq. 
fj48|) and Eq. fH9|) ) to the quark fields. The valence quark EDM receives contributions from 
virtue H^, and exchange as shown in Fig.O Potentially large contribution also comes 
from neutral Higgs boson exchange and virtual top-quark effect at two loops j33| . as well 



as two loop pure gluonic operators due to charged/neutral Higgs exchange [3J]. A complete 
analysis of these contributions has been carried out in a pseudomanifest LRS limit with two 
doublets Higgs fields instead of triplets considered here [35| . With the explicit form of right- 
handed CKM mixing, we re-evaluate these contributions in the general case of CP violation. 
As discussed in Sec. IV C| and A^ must be heavy enough to suppress their contribution 
to kaon mixing, and we take their masses to be 15 TeV. In this case, the charged-Higgs H2 
exchange dominates, whose contribution to d-quark EDM is approximated by 

where the scaling factor rjd ~ 0.12. The d-quark CDM come from a similar diagram with 

3 ?7 f 

photon replaced by gluon leg, efd — dd- The contribution to u-quark EDM and CDM 

2% 
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FIG. 8: Constraints on the mass of and the spontaneous CP violating parameter a from kaon 
decay parameter e {Mj{ = oo, red triangle; Mjj; = 75 TeV, blue square; Mh = 20 TeV, large green 
dots) and neutron EDM (yellow dots). In the right panel, the theoretical EDM result is reduced 
by a factor of 5. 

is suppressed by a factor — and is negligible compared to that of ci-quark. Meanwhile, the 

two loop diagrams are found to be negligibly small. To a certain level of approximation, the 
neutron EDM can be related to the quark EDM and CDM through the SU (6) relation: 

= i {Ad, - rfj + i (^/, + ^fu^ . (76) 

A more accurate relation would use the tensor charges of the nucleon. 




FIG. 9: Higgs exchange contributions relevant to neutron EDM. The dashed lines include both 
charged and neutral Higgs bosons exchanges. The two-loop diagrams contain closed top-quark 
loops. 

In Fig. [TOl we plot the Higgs exchange contributions to the neutron EDM as a function 
of r for different values of a. We choose the FCNH mass to be 15 TeV, and the charged 
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FIG. 10: One scenario (all Sq = 1) for the higgs exchange contribution to neutron EDM as a 
function of r for different values a = 0.05 (solid line), a = 0.5 (long dashed line) and a = 1 (short 
dashed line). We choose the FCNH mass to be 15 TeV and the charged Higgs mass equal to 3 
TeV. 

Higgs mass be 3 TeV. We find the contributions are always smaller than 10~^^e cm, well 
within the experimental bound. Therefore one can neglect the Higgs exchange contribution 
without altering the W^-mass bound for the neutron EDM. 

C. Direct CP Violation e' 

The direct CP violation in neutral kaon to vrvr decay is calculated via 

where the decay amplitudes Aq and A2 are defined as the matrix elements of the AS" = 1 
effective Hamiltonian between the neutral-K meson and the isospin 1 = and 2 tttt states, 

{i27r)j\i~t)HAs=i\K') = Aje^'' . (78) 

Si is the strong phase for tttt scattering, u = A2/A0 and p, q are the mixing parameters for 

— K . To an excellent approximation, uj can be taken as real and q/p = 1. Therefore, 
we focus on calculating the imaginary part of the decay amplitudes. 

In the SM, the contributions to e' come from both QCD and electromagnetic penguin 
diagrams [s^. The QCD penguin contributes exclusively to A/ =1/2 decay, whereas the 
electromagnetic penguin is mainly responsible for A/ = 3/2 decay. Both contributions 
are important but have opposite signs. Therefore, the final result depends on precision 
calculation of hadronic matrix elements. The state-of-art chiral perturbation theory [13, 
37, [3^, 3^ and lattice QCD calculations 40, 41| have not yet been sufficiently accurate to 



reproduce the experimental result [4J] . A review of the standard model calculation can be 
found in Ref. SH. 



In LRSM, each element in the righthanded CKM matrix has a substantial CP phase. 
As a consequence, there are tree level contributions to the phases of A2 and Aq. Following 



closely the work by Ecker and Grimus 23(], the AS* = 1 effective Hamiltonian from Eq. (fTTj) 



and the tree-level Feynman diagram in Fig. [TT] is 
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+ 2\/2GFsinCA^^e-* 



Of (/.) + 

8 



as{Ml) 



1 



,(79) 



where we have taken into account the leading-logarithm QCD corrections with renormaliza- 
tion scale /j, taken to be around 1 GeV, and b — 11 — 2Nf/3 with Nf the number of active 
fermion flavors. The mixing coupling Af = A B are L, R. The four quark 

operators are 

qLL,RR ^ dY^L,RUU^^^L,RS±dr^L,RSU^t.^L,RU , 



± 



= dr^L,RUUl^,^R,LS + '^dFR^LSuWL,RU , 

2- 

= -dFR^LSu¥L,RU , 



(80) 



where Pl,/? are projection operators. There arc also new penguin diagrams involving the 
right-handed gauge boson contributing to e'. However, these contributions are suppressed 
by loop factors and are neglected here. 



W. 



W, 



W, 



FIG. 11: New tree-level contribution to the AS" = 1 interaction from LRSM. 
The hadronic matrix elements of the four-quark operators are calculated using the fac- 
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torization assumption, 
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1 (X 



6v^ V6 



(81) 



where the parameters X, Y and Z are 



Y 



-(tt |rf7/,75M|0)(7r+|M7'^s|ir ) , 
iV2F^{m]^ - ml) ~ 0.03i GeV^ 
-(7r+7r^|MM|0)(0|J75s|K^) , 
zv^Fj^A2(1 - m^/m^)-2 ^ o.273z GeV^ 

— (7r^|c/75'u|0) {'K^\us\K^) 

iV2F^A^{l - m^/m2)-2 ^ Q.lSi GeV^ , 



(82) 
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1.22 F^. 

Y and Z are much bigger than X 



where A = m\-/ {rris + md), -FV = 93 MeV and Fk 

The numerical estimates are taken from Ref. 
due to chiral enhancement. Clearly the factorization approximation must be improved as 
indicated by the empirical AI = 1/2 rule, which is beyond the scope of this paper. We note, 
however, that for our estimation of the bound on M^^, a multiplicative uncertainty factor 
on the matrix elements is reduced by a square-root. 

To calculate the weak phases of the decay amplitudes Ao and A2, we use the experimental 
value for the real parts of Aq and A2: KeAo ~ 3.33 x 10"'' and 00 ^ 1/22. The dominant new 
contribution is from the Wl — Wr mixing term due to enhanced hadronic matrix elements 
and larger CP violation phase a. In fact, because the phase a in the apparent factor is 
much larger than the phase in A^^'^^ which is typically of order 61 and 62 given in Eq. fl2^ . 
e' is approximately a function of r sin a, rather than r and sin a independently. Since r sin a 
has been fixed by e and in the previous subsections, e' is approximately a function of 

Mwu only. In Fig. [121 we plot e' as a function of M^y^ for a = arcsin— , r = 0.5 and 

SdSs = 1 which is required by the neutron EDM calculation. [AH = 1.] Requiring that the 
new contribution should be no larger than |e 



expt I 



3.92 X 10 ^ [9|, we get a lower bound 



MvK« > 4.2 TeV 



(83) 



29 



9. X 10"^ 
8. X 10"^ 
7. X 10"^ 
, 6. X 10"" 
5. X 10"" 
4. X 10"" 
3. X 10"" 
2. X 10"" 




3.0 3.5 



4.0 4.5 5.0 
Mji (TeV) 



5.5 6.0 



FIG. 12: e' as a function of M^y^ for a 
allowed by the experimental data 



arcsin — , r = 0.5 and all Sn = 1. The shaded part is 
10 ^ 



Here we obtain a slightly tighter bound on than that from kaon mixing. However, 

because of the AI = 1/2 rule, the factorization assumption might have overestimated the 
phase of A2. If we take rsina = 0.15, as required by low M^, the bound changes to 7.4 
TeV. 

Finally, there are also tree-level FCNH contributions to Has=i, as one can see from the 

H, 3^. Since the relevant coupling is suppressed by either the 



lagrangian in Eq. fHHj) [1 
Cabibbo angle or the quark masses, their contribution is negligible. 



D. CP Violation in J/t/^Ks Decay: Sj/^x 

The CP violation in B-meson decay was first observed in —>■ J/ipKs. In SM, the decay 
proceeds mainly through the tree-level b —>■ ccs and the penguin contributions are expected 
to be suppressed by CKM and/or loop factors. The tree- level diagram is shown in the left 
panel in Fig{T3]with an intermediate Wl exchange. 



W 



L. R 




FIG. 13: Tree level Feynman diagrams for J/ijjKg from SM and LRSM. 



The relevant CP asymmetry is defined as 



S. 



2 ImArf 
l + |AdP 



(84) 
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where 



Xn 



^ is a decay amplitude and {q/p)B is from the B- meson mixing. 

The magnitude of is close to 1 and thus Sj/^Ks ~ ImA^. In the SM, Sj/^Ks predomi- 
nantly comes from B — B mixing, and is related to the (3 angle of the unitary triangle because 
the ratio of the decay amplitude is independent of the hadronic matrix element when the 
tree operator dominates. Experimentally, sin2/3expt = 0.673 ± 0.028 

In the LRSM, the effective 13 angle will receive new contributions from initial and final 
neutral meson mixings [3] and from the new tree-level decay operators through Wr exchange 
and Wr—Wl mixing, as shown in Fig. [131 We will not consider the kaon mixing contribution 
for the following reason: Since Ks is dominantly CP-even \Ks) = p\K'^)+q\K ) and B decay 

involves K , Xd is proportional to {q/p)*x- The imaginary part of {q/p)*x is proportional to 
the imaginary part of e which is known to be on the order of 10~^, much smaller than the 
phase in {q/p)B- The e constraint on the LR symmetric model has already been studied 
independently and we decouple the kaon-mixing effect from Sjj^Ks- Thus we write 

The J^^^ operator is similar to that in Eq. (jTHD, with substitutions s — * 6, u — > c, and 
d ^ s. 

The ratio M^2'^^ / ^12'^^^ c^'^ t)e calculated from Eq. (58) and a corresponding ex- 
pression from the SM. Its magnitude is around lO^M^^/M^^ and carries a phase factor 
^td*^tf /^td*^tb ~ SdSfeC"**^^^"'"^^-'. The hadronic matrix element for the decay is less known. 
In the naive factorization approximation for {J/ijjKQ\Jif'^'^'^\BQ), the decay rate is under 



predicted by an order of magnitude [45|. Therefore, the non-factorization contribution must 
be significant [i^. In the ratio of matrix elements, we expect the factorization approach 
work better. Using this approximation, we find 

(J/^¥o|^^^|go) _M^^ XfR 2[as{m,)/as{Mw,)r'^''-[as{mt)/as{Mw,)f' ,gg. 
{J/^PKo\.^'^'\Bo) X^^ 2[asim,)/asiMw,)]-'^' - [asim,)/as{Mw,)f 

where A^^ = V^fV£ for A,B = L,R, so Af^/A^^ = SsSbC-'^^^+^'-'l The non-perturbative 
B —>■ K form factors F+(mjy^) has been canceled out and the result is independent of 
hadronic parameters. The magnitude of the ratio is (9(M^^/M^^) and hence is much 
smaller than the mixing contribution to 2/?efr- This conclusion remains valid even if we 
underestimate this ratio by an order of magnitude. 

The modified CP asymmetry in LRSM depends on the righthanded scale and r sin a. 
We take rsina ~ 0.05 as determined from the e constraint. There are two independent 
choices for quark mass signs which generate different predictions. We take either st = +1 
or St = —1, and the results are shown in Fig. [TH Demanding sin2/5e// to lie within the 
experimental error bar, we get a moderate lower bound on Mw^, 

> 0.7 TeV . (87) 
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FIG. 14: Predicted CP asummetry in B'^ J/ipKs as a function of M^j^, for rsina = 0.05. The 
solid line corresponds to the sign choice Sj = 1 and the dashed line corresponds to Sj = 1 except 
St = —1. The shaded part is allowed by the experimental data. 

As we have commented above, this constraint comes predominantly from the Bd — Bd mixing 
contribution. 



VII. CONCLUSION 

In this paper, we have made a comprehensive study of CP violating observables in the low- 
energy sector of the minimal LRSM with the only assumption of parity invariance imposed on 
the theory. This is made possible by an explicit solution for the right-handed quark mixing 
matrix with explicit dependence on the spontaneous CP violation phase a. Although the 
hadronic physics uncertainty is still large, the CP observables do provide significant and 
strong constraint on the right-handed I^-boson mass scale Wm^ and the FCNH mass scale 
Mh. In fact, a new experiment result and/or improved theoretical calculation on EDM 
might provide the strongest bound yet on the right-handed gauge boson mass. 

We stress the point that CP must be violated both explicitly and spontaneously in the 
minimal model, with one bidoublet and two triplets. Up to (9(A^), we can write V^^^ in 
a compact form as in Eqs. (127|) . (128|) and (l29l) . We find that Vr has the same hierarchical 
structure as V^, i.e. elements of the two mixing matrices are suppressed by the same orders 
of Cabibbo angle A = 0.22. And because of the spontaneous CP phase a, each element in 

yCKM 

acquires a phase angle proportional to rsina. Therefore, the phenomenology related 
to CP violation in the minimal LRSM turns out to be very rich. We explored mass differences 
of neutral kaon and B-meson with updated lattice results, and found an updated lower bound 
on righthanded W-hoson mass: My/j^ > 2.5 TeV. With the CP violating processes, we find a 
combined bound Mpv^ > 4 ~ 8 TeV from e and neutron EDM constraints when the FCNH 
contribution is ignored. And we can also fix r sin a ^ 0.05 from the combined bound. When 
the FCNH contribution is added to e, the bound is stronger when the becomes small. We 
go on to study e' and CP asymmetry in Bd J / ipKs decay. By applying the experimental 
constraints and theoretical uncertainty, we conclude that the lower bound on righthanded 
W^-boson mass surviving from all above experimental constraint is about 4 TeV. If the Wr 
really have a mass close to this lower bound, it is possible to detect its signal in the up 
coming LHC. 
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TABLE II: A summary of bounds on Mvi/^ and Mh from different physical observables. Stars on 
the items indicate input values. For the neutron EDM case, the numbers in the parenthesis are 
direct result from Eq. (j72|) and those without are obtained by reducing theoretical values by a 
factor of 5. 



We also find that the lower bound on Mjjo > 25 TeV is tighter than the bound previous 



bounds [19|, l28j. Perhaps, this suggests that one should have two bidoublets so that one 
can invoke cancelation between them, as in the spontaneous CP violation model discussed 
in Ref. [43|. In that case for our analytic solution to remain valid, the second bi-doublet 
should develop vev. All bounds are shown in Table [III for easy reading of the results of the 
paper. 

Finally, we would like to comment on the constraint on r arising from the consideration 
of the mass shift of SM Higgs boson in LRSM. According to discussions in Sec. IIV| the SM 
Higgs mass is 



(4A1 -^)^' + c^^evl , (88) 



a? 



to second order in a, ^ and e. The shift in mass due to LRS is as^^f^ -i^"^ and can be 

Pi 

expressed in terms of the masses of FCNH 

Arriho ~ ^Mho . (89) 

From the discussions below Eq. (l59l) . FCNH masses have to be large enough to suppress the 
tree level contribution to kaon mixing. On the other hand, the SM Higgs mass should not 
exceed TeV scale in order to preserve perturbative unitarity. A recent analysis [2^] yields 

mlo < 870 GeV . (90) 

The lower bound on the FCNH boson mass Mjjo > 25 TeV yields an upper bound on 
r = ^mt/rrih < 1.44. From discussions on CP violating observables, 0.05 < |rsina| < 0.15, 
this translates into a lower bound on the spontaneous phase |a| > 0.035. 
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